Evaluating Limits Algebraically with Limit Laws

There are some general situations in which lim f(z) = f(c), in
which case, limits can be evaluated by direct substitution.

Consider: f(x) =0 flx) == f(x) =a"

Theorem: Basic Limits

Let b and ¢ be real numbers and let n be a positive integer. Then,

1. Iimb = 2. llm x = 3. lim 2" =
lim4 = limz = lim 22 =

r—2 r—2 r—2
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Theorem: Properties of Limits
Let b and c be real numbers, let n be a positive integer, and let f
and g be functions with the following limits.

lim f(x) = Land lim g(z) = K

r—C r—=C

1. Scalar multiple: lim [bf(z)] = blim f(x) =

Tr—=cC r—=C

2. Sum or Difference:  lim [f(x) £ g(x)] = lim f(z) £ lim g(z) =

r—C r—C r—=C

3. Product: lim[f(x) - g(x)] = lim f(z) - limg(x) =

r—=cC Tr—=cC Ir—=cC

flzy Nimf(z)

4.  Quotient: lim —22 = &—=¢  —
r—c g(x) lim g(x)

r—=C

5. Power: lim [f(2)]" = [lim f (z)]" =

r—cC r—C

lim (22° — 3z +1) =

r—3

Note: lir% (223 — 3z + 1) =

Theorem: Limits of Polynomial and Rational Functions
Direct substitution is valid for finding limits of all polynomial
functions. That s, if p is a polynomial function and cis a real
number, then lim p(z) =

r—cC
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Also, direct substitution is valid for finding limits of all rational

functions, given by r(x) = % provided that cis a real number

such that g(c) # 0. That is, limr(x) = lim % = , q(c) # 0.
2 _ o

lim T T — 2 _

—1 3+ 2

Theorem: Limit of Functions Involving a Radical

Direct substitution is valid for finding limits of all radical
functions, given that the radical is defined at c. That is,

lim /x = , for all cif nis odd, and for ¢ > 0if nis even.
Tr—cC

Iim /x = Iim /o =
r——27 r—16

Theorem: The Limit of a Composite Function

If fand g are functions such that lim ¢g(z) = L and hni flx) = f(L),
then lim f(g(z)) =

lim+\/ 222 — 3z =

r—3
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Theorem: Limits of Trigonometric Functions

Let c be a real number in the domain of the given trigonometric
function. In each case direct substitution is valid for finding the
limit of the given trigonometric function.

1. im sinx = 2. limcosx = 3. limtanx =
r—C r—C r—=C

4. limcotx = 5. limsecx = 6. limcscx =
r—=C r—C r—C

Iim sinx = Iim cosx = Iim tanx =

T— 5 T— % r— =

2 6 4

Given lim f(z) = 2and lim g(x) = 4, find each of the following:

r—=C r—C

lim[4f ()] lim (f(z) + g(z)) tim )

Tr—C r—C r—C

lim Y/ f(x) lim(f(z))?

r—=C Tr—=cC
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We will now examine limits that cannot be evaluated using direct
substitution.

2
. -3 i . . .
Consider f(x) = u . Our limit theorem for rational functions is
X

2 _ 2 _

not valid if we want to find liII(l) oS since liII(l) v 5 —
r— X Tr— X
if we use direct substitution.
2

-3
Note, however, that f(z) = ° " -
Let g(z) = Then f(x)and g(x)
Graph of f: Graph of g :

Theorem: Functions That Agree at All But One Point

Let c be a real number and let f(z) = g(z)for all z # cin an open
interval containing c. If the limit of g(x) as x approaches c exists,
then the limit of f(x) also exists and lim f(x) = lim g(x).
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N . P+
Iim = Iim
x—0 x t—0 x -+ 1

Iim Iim
x—0 5132 — 4 x—0 €T

_ 2—x

Iim 5

r—2 x4 —A4

1 1
o \/ 1 —2

lim *t4 4 lim YT

z—0 x z—0 r—3



h—0

h(x) = f(x) = g(x)
-‘.

i

f Hes in here.

™, —_ e — o —
M

FIGURE 1.19

-— e

The Squeeze Thearem

Squeeze Theorem: If h(x) < f(x) < g(x)and il_)ngh(x) =L= }Jlggg(a:),
then limf(z) = L

r—=cC
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SIn &

Prove: lim

z—0 x

e
[

1
Area of triangle > Area of sector = Area of triangle
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| 1 —
Find lim ——>%
x—0 €T

Other examples

SIn 1 —coszx

(might need to make use of lim —land lim ———)
z—0 €x x—0 €T
. sinx . sin3x
lim lim
x—0 31 x—0 x
~sin2x ~ tanfcosd
Iim Iim

z—0 SINn 31 6—0 0
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, 1 —tanx - 3cosx — 2
Iim — Iim
T t—0 tanx + 1

z—T SINT — COST

1

Iim 2 cos —
x—0 X

Find lim f(z)giventhatb — |x —a| < f(z) < b+ |x — q

T—a
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Limit Theorem Summary

Limits that can be evaluated by direct substitution. The limit
properties (5 — 9) which allow us to simplify expressions so that
the limits may be evaluated by direct substitution require that
the ilgllf(x) &il_t)tcllg(x) both exist.

1. lim(mx +b) = ma + b

Tr—a

2. limC =C

Tr—a

3. limz = a

Tr—a

4. limz" = a"

Tr—a

5. limbf(z) = blimf(z)

Tr—a Tr—a

6. lim(f(x) £ g(z)) = limf(x) &+ limg(x)

Tr—a Tr—a r—a

7. lim(f(x) e g(x)) = mf(z) o limg(x)

r—a r—a

8. 9133( m) = limg(z) assuming }:Lr{llg(x) #0

9.  lim[f(z)]" = [.lfimf(:r)r

Tr—a

10. limP(z) = P(a) where P(x) is a polynomial function

Tr—a

1. lim (M> = % where p(z) & ¢(x) are polynomial functions assuming ¢g(a) # 0

12.  lim /z = {/a Assuming a € D(\/x)

Tr—a

13.  lim(fog)(z) = (fog)(a) Assuming f(x) is continuous at g(a)

Tr—a

14.  lim Trig(x) = Trig(a) Assuming a € D (Trig(x))

r—a
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We now have three methods for finding limits:
1. Numerically - Make a table of values as x approaches a

2. Graphically - Look at a graph of the function near x = a
3. Algebraically - Plug-in a or use algebra to simplify first and then plug-in a



