One-sided Limits and Continuity

One-Sided Limits:

Right-Hand Limit: lim f(z) = L meansthat f(z) - Lasz — a

z—a™t

from the right (x > a)

Left-Hand Limit: lim f(x) = L means that f(z) — Lasxz — a

Tr—a

from the left (z < a)

Theorem: The ordinary limit lim f (z) exists if and only if both corresponding

r—a

one-sided limits exist and are equal.

limf(z) =L < lim f(z) = L < lim f(z) = L

r—a r—a r—a -

Example: f(x) =z —4

Im /x —4 = Im /x —4 = Imvxz—4 =
r—A4t r—4- r—4

All limit theorems hold.
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lim (2z — [[x]])

r—27t

lim  f(x) = lim f(z) =
lim f(z) =

lim  f(x) = lim f(z) =
lim f(x) =
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Continuity:
A function is continuous at =z = c if it has no holes, jumps or gaps at c.
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Continuity at a Point: A function f is continuous at a point cif the
following three conditions exist:

1.

2.

3.

Continuity on an Interval: A function f is continuous on an open
interval (a, b) if it is continuous at each point in the interval. A

function that is continuous on the entire real line ( — co, + oc0) is
said to be "everywhere" continuous.

Consider a function such as:

What would you say about the continuity of this function?

A function f is continuous on the closed interval [a, b]if it is
continuous at each point on the open interval (a, b) and if
lim f(x) = f(a)(f is continuous from the right at a) and

lin%f(;r;) = f(b) (f is_continuous from the left at b).
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There are two classifications of a point of discontinuity on a
function.

1. Removable: if lim f(x) exists; function can be redefined at a to

remove the discontinuity.

2. Non-removable: if lim f(z)does not exist.

r—a

fla) = II—;]] + x ) flo =12

Properties of Continuity

If b is a real number and f and ¢ are continuous at x = ¢, then the
following functions are also continuous at c.

1. A scalar multiple: bf 2. A sum or difference: f+g

3. A product: fg 4. A quotient: !

g
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The following types of functions are continuous at every point in
their domains.

1. Polynomial 2. Rational 3. Radical 4. Trigonometric

Find x — values (if any) at which fis not continuous. Classify each
discontinuity as removable or non-removable. If removable,
redefine the function to remove the discontinuity.

1 2

@)= = fla) =
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— 2z if =z
f(x):{x2—4x+1 if =z

VoOIA
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State the intervals of continuity:

60, f(x) =X+ !

58. fix) =x\Vx+3 Vi

Find "a" so that fis continuous for all real numbers =.

1132—0,2

f(x) = r—a

8 if x = a
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Intermediate Value Theorem

If fis continuous on the closed interval [a, b] and k is any number
between f(a)and f(b), then there is at least one number cin [a, b]
such that f(c) = k.

f@

f(b)
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f is continuous on {a, b ].

(For k, there exist 3 ¢’s.) f is not continuous on [a, b ].

(For k, there are no ¢’s.)

A continuous function on [a, b] takes on all values between f(a)

and f(b).

Use the Intermediate Value Theorem to show that
f(x) = 23 4+ 22 — 1 has a zero in the interval [0, 1].
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Use the Intermediate Value Theorem to prove that /3 is between 1
and 2.



