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Riemann Sums and Definite Integrals

1. Find the area of the region bounded by y = \/5 on the interval [0, 1].
Use a regular partition:

Use a partition where the right endpoint of the ith subinterval is given
-2

by z; = 2—2 and Az; is the width of the ith subinterval.
n

We see, at least in this example, that it is not necessary to have
subintervals of equal length.
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Definition of a Riemann Sum: Let f(x) be defined on a closed interval [a, b],

and let A be a partition of [a, b] given by
a=x9g <11 <Ty<...<zu1<x,=Db,where Axz; is the length of the ith
subinterval. If ¢; is ANY point in the ith subinterval, then the sum of

Yo flei)Az;, x;-1 < ¢ < xy, is called a Riemann Sum of f(z) for the
=1

partition A.

2. Find the Riemann sum for f(x) = sinz over the interval [0, 27] where

0 T T T
20=0,21= —, 2o = —, x3=m,xy=2mand ¢y = —, ¢ = —

3 6 3’

2T 3

03:3, —2.
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Under what conditions will a Riemann Sum approximate the area?

If f(z) is continuous and non-negative on |

a,b], a Riemann sum can be
used to estimate area under the graph of f(z)

.

If we choose a regular (equal length subintervals) partition, how can we find
the actual area?

e

What if the partition is irregular and n—oco?

¥

e
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In order for a Riemann sum to approximate area we need to require that

T

The length of the largest subinterval of a partition A is called the norm of the

partition and is denoted by ||A||. If every subinterval is of equal length, the
e . b — :

partition is regular and the norm is |A|| = Az = Ta . Thus if we have a

regular partition the norm of the partition approaching 0 is equivalent to n

approaching infinity. If the partition is not regular, the equivalence does not
hold.
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Definition of a Definite Integral: If f is defined on the closed
interval [a, ] and the limit

HhHm Zf( i) Az

All—0 ;=
exists, then f is mtegrable on |[a, b] and the limit is

lim Zf NAx; = f f(z

[A]=0i=
The limit is caIIed the definite integral of f from «a to b.
a is the lower limit of integration.
b is the upper limit of integration.

We have two notations that look somewhat similar but at this point are
totally unrelated.

b
Definite integral: / z*dx  represents

Indefinite integral: / z*dr  represents
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Theorem: If a function f(x) is continuous on a closed interval [a, b], then
f(x) is integrable on [a, b].

2
3. Evaluate / dx

-1
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4. Set up an integral that yields the area of the shown region.

a) f(z)=4-22z

b) g(x) =tanx

K 2 5 4 5 5 )

5. Sketch the region whose area is indicated by the definite integral and
use a geometric formula to evaluate the integral.

4
xr
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b) /_a(a—|x|)da:a>0

o [ \/rd

Properties of Definite Integrals:
1. ["f(z)dz =0

2. [Vf(zx)de = — [ f(x)dx

3. [P f(z)de = [ f(x)dz + ["f(z)da

4 [Pkf(x)dz = k[ f(z)dz

5. [,[f (@) + g(a)lda = [} f(x)dz + [, g(x)da

6. If f(x) < g(z)on [a,b], then [ f(z)dz < [*g(x)dz.
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1 1
Given / f(x)dx =0 and / f(x)dx =5, find:
—1 0

a) /Olf(a:)da:

b) /0 @)z / if(fc)dx

C) /_1(2f(a:) + 3)dx

d) /1 P f(z)dz
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7. Express the limit as a definite integral.

~ 3
im S 2 Az on[1,3
||A||—>0; c? 13

8. Assume the region below is bounded by semicircles and straight lines.
Find the value of the indicated definite integrals. Which integrals can
be interpreted as area?

N
),

1 3

a) fx)dx b) f(z)dx
-9 10
0 8

c) f(z)dx d) f(z)dx



