Taylor Polynomials and Approximations

Our objective in this section is to find a polynomial approximation for a non-
polynomial function. We will start with an example.

1.  We want to find a polynomial function, P,(x) which best approximates
f(x) = cosx near 0.

What features should P,(x) have?

Linear approximation:

f(x) =cosz Pi(x)=mx+b
£(0) = Pi(0) =
F(a) = Pi(x) =
f(0) = P(0) =
Pl (33) =
Quadratic approximation:
f(x) =cosz Py(z) = ax® + bx + ¢
£(0) = P(0) =
f'(x) = Py(z) =
1'(0) = B(0) =
f(x) = Py(x) =
1"(0) = Py(0) =
PQ(CU) =

page 1



Fourth degree polynomial approximation:

f(x) =cosz Py(z) = ax* + bz’ +ca? +dx +e
f(0) = Py(0) =
fix) = Py(z) =
1'(0) = Py(0) =
f'(x) = Py(z) =
£"(0) = P{(0) =
f///( ) _ Pi”(x) =
J7(0) = Py(0) =
() = Py (@) =
F9(0) = P (0) =
P4(Q?> =
cos x Py (x) Py(x)
q
D
75
9
1

The higher the degree of the polynomial, the better the approximation.
The further you get from zero, the worse the approximation.
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In general, to find a polynomial approximation P, (x) for f(x) for values of x

near zero, we will construct P, (z) so that " (0) = £ (0) V k (orders of the
derivative).

n
P.(z) =cy+c1x+ cox® + 32 + eyt + s’ + L et = chxk
k=0
We need to find the coefficients (c;)

P,(x) =

Pl (z) =

n

L Pa(r) =

This is called the Maclaurin polynomial of f(x) at 0. It works well to
approximate values of f(x) near 0.
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n_ f(k)
We can show that P,(z) = Zf (a) (z — a)" works well to approximate

v
c—~ k!

values near a. This is called the Taylor polynomial of f(z) centered at a.

(The Maclaurin polynomial uses a = 0.)

2. Find the 4th degree Maclaurin polynomial for f(z) = cos x.

n f(k) )
Recall that P,(z) = ka—'(o) z* , Therefore Py(z) = Zf (©) "
k=0

— Kl
Py(z) = £(0) + fll(!O)x + f//z(!()) T’ + f/;(!o)x?’ + f(j!(o)x‘*
fz) = cosx f(0) =
f'(x) = 1'(0) =
f'(x) = 1(0) =
(@) = F7(0) =
fW(z) = F(0) =

Therefore Py(z) =
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Find the nth degree Maclaurin polynomial for f(x) = e”

n_ r(k)
Recall that P,(z) = ka_'(o) ",
k=0 )

/ " " (n)
Py (z) = f(0) + fl(!o)az+ f2<!0)x2 s 3(!0):133 Lo nfo) n
f(x) =e” £(0) =
f(x) = £1(0) =
f'(x) = £7(0) =
f”’(az) = f///( ) —
f¥ (z) = F0(0) =

Therefore P,(x) =
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Find the 4th degree Taylor polynom|al for f(x)

Recall that P,(z Z‘f 5 — 1)

Py(x) = F(1) + “( 1)+ f’;(,><x 2+ f";f,)

f() =Tz 1) =

fi(x) = (1) =

f(x) = (1) =

F(z) = (1)

F(z) = FO(1) =
Py(x) =

Inl.1= Py(1.1) =

In1.5= Pi(1.5) =
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Find the 3th degree Maclaurin polynomial for f(x) = sin 7.

n f(k) 3 fk)
Recall that P,(z) = ka—'(o) z* , Therefore P3(z) = Zf k'(O) "
k=0 k=0

f0) 0 5 f70) 4

Py(z) = f(0) + o+ et + o
f(z) = sinme £(0) =

f'@) = 7(0) =
f'(@) = 1(0) =
() = 7(0) =

Therefore Ps(x) =
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Find the 4th degree Taylor polynomial for f(x)
4 rk) (4
k=0 )

( )

Recall that P, (x

P = @)+ Ty L o g L)

f(z) = /= f(4) =

f(x) = f'(4) =

J'(x) = f'(4) =

(@) = ()

F(z) = £ (1) =
Py(x) =
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An approximation is of little or no value unless we have some idea as to its
accuracy. To measure the accuracy of a Taylor or Maclaurin polynomial we
consider the concept of its remainder.

f(z) = | Pu(2) + | Bu(2)
Exact Value Approximate Value Remainder using P, (x)
R(z) = f(x) - P(x)
|Ro(2)] = [f(2) = Po(2)]

Taylor's Theorem with the Lagrange form of the remainder

If a function f(z) is differentiable through order n 4 1 in an interval 1
containing c, then for each x in I, 3 a z between x and ¢ such that

" e 0 ) (¢ N
f(zv):f(c)+f'(c)(a:—c)+f2(!)(az—c) —I—...—I—fn!( >(x—c) + R, (x)

where R, (z) = %(w _ ot

(Usually we are not able to find z, but we can usually find bounds for f"*1(z)
to find the size of the remainder. The remainder is typically much smaller
than the bounds we find.)
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Use Taylor's Theorem to approximate e! by using a 5th degree
Maclaurin polynomial and determine the accuracy of the
approximation.

flz) =e' fP(z) = e’ FH(0) =1
Recall that P, (x) = 51 (0) i
e~ k!
e’ =~ Ps(z) =
el ~ P5(1) =
R5<QZ) =
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8. Use a 3rd degree Maclaurin polynomial to approximate tan~!(.5) and
determine the accuracy of the approximation.

fla) = tan (o) 7(0) =
fla) =1 7(0) =
f'(@) = % 71(0) =
() = —Q(S’fi‘l)? £(0) =
Py(z) = . Py(5) =
R3(x) = R3(.5) =

We need to bound @ (z)
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9. Determine the degree of the Maclaurin polynomial so that the error in
approximating e is less than .0001.

fla)=e fo () = e
AR G
Rn n+
=% Since0<z< 5= <o <e<el <3
(n+1)!
3 n+1
Srn”
3(.75)" .
. R,(.75) < ——————and we need this to be less than .0001
(n+1)!
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10. Determine the value of z such that f(x) = sinx can be replaced by its
3rd degree Maclaurin polynomial if the error is be less than .0001.
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